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We consider Bell experiments with N spatially separated qubits where loss is present and restrict
to two measurement settings per site. We note the Mermin-Ardehali-Belinskii-Klyshko (MABK) Bell
inequalities do not present a tight bound for the predictions of local hidden variable (LHV) theories.
The Holder-type Bell inequality derived by Cavalcanti, Foster, Reid and Drummond provides a
tighter bound, for high losses. We analyse the actual tight bound for the MABK inequalities, given
the measure W =
∏N
k=1 ηk of overall detection efficiency, where ηk is the efficiency at the site
k. Using these inequalities, we confirm that the maximally entangled Greenberger-Horne-Zeilinger
state enables loophole-free falsification of LHV theories provided
∏N
k=1 ηk > 2
(2−N), which implies
a symmetric threshold efficiency of η → 50% , as N → ∞. Furthermore, loophole-free violations
remain possible, even when the efficiency at some sites is reduced well below 0.5, provided N > 3.
I. INTRODUCTION
Bell showed the inconsistency of local realism with
quantum mechanics, by deriving a constraint on the cor-
relations predicted by any local hidden variable (LHV)
theory [1]. For some quantum states, these constraints,
called Bell inequalities, are violated. Bell’s discovery of
quantum nonlocality has inspired countless investigations
[3–6] and, through the close connection with entangle-
ment [7], underpins the field of quantum information.
A major challenge is to understand the interplay of
Bell’s nonlocality with loss, which is defined by the ra-
tio, η, of the number of detected to emitted particles.
Loss caused by detector inefficiencies has resulted in the
famous “detection loophole” for testing Bell’s correla-
tions in the laboratory [8]. To date, there has been no
loophole-free violation of a Bell inequality for spacelike
separated measurement events. Furthermore, the sen-
sitivity of loophole-free Bell nonlocality to transmission
losses is intimately related to the security of quantum
cryptography [9]. Motivated by all this, there has been
a considerable effort to work out the smallest value of η
required for a loophole-free violation of a Bell inequality.
Bell’s original gedanken experiment involved measure-
ment of the spin correlations of two maximally entangled
and spatially separated spin-1/2 particles. His inequal-
ity, and the equally famous version derived by Clauser-
Horne-Shimony-Holt (CHSH), required only two mea-
surement settings, for each particle [1, 2, 10]. Despite the
importance of this inequality and its N -particle generali-
sations, the Mermin-Ardehali-Belinski-Klyshko (MABK)
inequalities [11–13], surprisingly little is known about
how to achieve a violation of them, for reduced efficien-
cies, η.
Where there are only two spatially separated parti-
cles (N = 2), Garg and Mermin put forward a modified
CHSH inequality that could be violated for η > 0.83
[14]. Their inequality removed the necessity of herald-
ing the emission events, since the inequality did not
specify the total number of undetected particle pairs.
Eberhard showed that the Clauser-Horne (CH) inequal-
ity [15] would yield violations for as low as η > 0.67
using non-maximally entangled states, also without the
need for heralding [16]. Where measurements are made
on N spin-1/2 systems, at each of N sites, Larsson and
Semitecolos (LS) proved that for CH-type inequalities,
η > N2N−1 was sufficient, at least for some quantum state.
They concluded “there are N - site experiments for which
the quantum mechanical predictions violate local realism
whenever η > 0.5” [17]. Despite this knowledge, it re-
mained unclear how to demonstrate this nonlocality, as
no specific inequality and state was proposed that would
enable realisation of Bell’s nonlocality for efficiencies η as
low as 0.5 for each detector.
An explicit loophole-free demonstration of Bell nonlo-
cality using the MABK inequalities and the maximally
entangled Greenberger-Horne-Zeilinger (GHZ) states [18]
was shown possible, with heralding, for η > 2(1−N)/2N
[19]. However, the lowest threshold here requires η >
0.71. Cabello, Rodriguez and Villanueva (CRV) estab-
lished that the LS limit is achievable, for large N and
for the GHZ states, by proving that η > N2N−2 was nec-
essary and sufficient for Bell nonlocality in the case of
N odd. However, no inequality was proposed [20]. Firm
proposals have been given however for efficiencies as low
as η → 0.5 at one detector, but only for non-maximally
entangled states and provided an atom could be detected
with 100% efficiency at a second site [21, 22].
In this paper, we contribute further to these results, by
constructing a tighter version of the MABK inequalities.
Insight is gained from the recent work of Cavalcanti et
al and Acin et al [23–29] who derived a “Holder” Bell in-
equality that allows realisation of the LS-CRV efficiency
threshold of near 50% for high N . We will see that the
tight MABK inequality is in fact a melding of the new
Holder inequality (which dominates at lower efficiencies)
and the old MABK inequality (which dominates at high
efficiencies).
In this way, we show it possible to violate a two-setting
Bell inequality loophole-free, using a maximally entan-
gled GHZ state, whenever
∏N
k=1 ηk > 2
(2−N), for N ≥ 3.
Here, ηk is the efficiency at site k. For symmetric sites,
the threshold efficiency reduces to η → 0.5 as N → ∞,
as given in Ref. [29]. In fact, as we confirm in this paper,
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2η → 0.5 is the best result possible, since we reason that
η > 1/m is required to demonstrate Bell’s nonlocality
using m-setting inequalities. Furthermore, we establish
that where N > 3, the loophole-free violation of the two-
setting Bell inequality does not require ηk > 0.5 for each
site k, but can be achieved even if the efficiencies are very
low at some sites.
We conclude with a brief discussion, pointing out that
three or more sites are required if one is to obtain the
violations of the two-setting inequalities in the lossy sce-
narios. We then conjecture whether these violations can
signify a genuine multi-partite Bell nonlocality, in the
sense defined by Svetlichny and Collins et al [30].
II. HOLDER BELL INEQUALITIES
Let us begin by presenting the Bell inequalities derived
by Cavalcanti, Foster, Reid and Drummond (CFRD) [23].
We define a set of space-like separated measurements Xˆkθk
that can be performed on each of k systems (k = 1, ..., N).
We consider only two settings, θ1 and θ2, at each site, and
so denote Xˆkθ1 = Aˆk and Xˆ
k
θ2
= Bˆk. For any LHV theory,
it is true that [23, 24, 26]∣∣∣〈 N∏
k=1
(Ak + iBk)
〉∣∣∣2 ≤ 〈 N∏
k=1
{(Ak)2 + (Bk)2}
〉
, (1)
where Ak, Bk are the outcomes for the measurements
Aˆk and Bˆk respectively. The left side of the inequality
is written in a compact form and involves moments of
the Hermitian observables Aˆk and Bˆk defined at each
site. Violation of this inequality will imply failure of LHV
theories, and hence Bell’s nonlocality.
The inequality (1) and its variants are closely asso-
ciated with the Holder inequalities used in mathemati-
cal analysis [31]. For this reason, the inequalities based
on (1) will be referred to throughout this paper as the
“Holder Bell inequalities”. The best known mathemati-
cal Holder inequality is the Cauchy Schwarz inequality.
The distinctive feature for our purposes is that the up-
per bound given by the right-side of a Holder inequality
is moment-dependent. This will give an advantage for
detecting Bell’s nonlocality in lossy scenarios.
The authors of Refs. [27, 29] have derived the appli-
cation of the inequality (1) to the scenario of N spin-
1/2 systems, as in the original Bell and GHZ gedanken
experiments [1, 18]. Here, one assigns Xˆkθ = σˆk
θ =
σˆk
x cos θ+ σˆk
y sin θ, where σˆkx/y are the Pauli spin oper-
ators for site k, and θ can be different for each site. Since
the outcomes of the measurement are always +1 or −1,
the inequality (1) will reduce to [27, 29]∣∣∣〈 N∏
k=1
(Ak + iBk)
〉∣∣∣ ≤ 2N/2. (2)
When the combination of moments given by the left side
of the inequality exceeds 2N/2, one can claim failure of
LHV models.
Supposing there is inefficient detection, we follow Bell’s
analysis [2, 3, 14] and note that for each emission event,
the “spin” measurement made on each particle will have
three possible outcomes, depending on whether the spin
is measured “up”, “down”, or if there is “no detection”.
The three outcomes are assigned the numerical result +1,
−1 and 0, respectively. That is, each Ak and Bk can now
have values ±1 or 0. Then, we note that the inequality
deduced from (1) changes. While the inequality (2) is still
valid, it is too restrictive. The moments of the right-side
are no longer necessarily given by 2N/2 as in the perfect
efficiency case of (2), but can be measured, and compared
with those of the left-side, to give a more sensitive test
for failure of LHV theories.
In practice, assuming a detection efficiency ηk for both
measurements (Ak and Bk) at site k, the right-side of the
inequality (2) is predicted to be 2N/2(η1η2...ηN )1/2. The
inequality reduces to∣∣∣〈 N∏
k=1
(Ak + iBk)
〉∣∣∣ ≤ 2N/2(η1η2...ηN )1/2 . (3)
This gives us the desired result, that the Bell inequality
has a LHV bound (given by the right-side) that reduces
with efficiency ηk.
Next, we establish the connection with the well-known
MABK Bell inequalities, by noting there are two differ-
ent forms of the Holder Bell inequalities (1) and (3). If
x2 + y2 = r2, then it is always true that x + y ≤ √2r,
where x, y, r are real numbers. Thus, on separating
〈∏Nk=1(Ak+iBk)〉 into real and imaginary parts (denoted
by symbols <e and =m), the Holder Bell inequality (1)
implies the Bell inequality
ArN ≡ sR<e
〈 N∏
k=1
(Ak + iBk)
〉
+ sI=m
〈 N∏
k=1
(Ak + iBk)
〉
≤
√
2
〈 N∏
k=1
{A2k +B2k}
〉1/2
(4)
(where sR, sI = ±1). Using the reasoning explained
above, this inequality reduces to
ArN ≤ 2(N+1)/2(η1η2...ηN )1/2 (5)
for the lossy experiment, which gives a useful version of
the inequality (3). The inequalities (4) and (5) have the
same left-side as the subset of MABK inequalities called
the Ardehali inequalities [12], and we have therefore de-
noted the left-side by the symbol ArN .
Also, following directly from (1), because for any com-
plex number z = <ez+ i=mz it is true that <ez,=mz ≤
|z|, it follows that for any LHV model
MN ≤
〈 N∏
k=1
{A2k +B2k}
〉1/2
(6)
3where we can select MN to be either of <e〈
∏N
k=1(Ak +
iBk)〉 or =m〈
∏N
k=1(Ak+ iBk)〉. In the presence of losses,
the inequality (6) becomes
MN ≤ 2N/2(η1η2...ηN )1/2 (7)
which gives a second useful version of the inequality (3).
In this case, the inequalities have the same left-side as
the subset of MABK inequalities derived by Mermin [11],
and we have therefore denoted the left-side by the symbol
MN .
The Bell inequalities (4) and (6) were derived, from a
different perspective, by Cavalcanti et al [29]. We will
show below that while the two Holder Bell inequalities
given by (4) and (6) have the same left-side as the MABK
Bell inequalities, the right-side is different.
III. MABK BELL INEQUALITIES
The left-side of the Holder Bell inequalities (4) and
(6) corresponds precisely to that used in the well known
Bell inequalities of MABK [11–13]. We now present the
MABK Bell inequalities. In the MABK case, a different
bound is obtained for the LHV prediction. When ηk = 1,
this bound is clearly tighter than that derived for the
Holder inequalities.
The MABK inequalities consist of two subsets, one for
even N and one for odd N . The well-known “Ardehali”
MABK Bell inequality applies only to even N , and is [12]
ArN ≤ 2N/2. (8)
When N = 2, the left side becomes
S = Ar2 = 〈A1A2〉 − 〈B1B2〉+ 〈A1B2〉+ 〈B1A2〉 (9)
and Ardehali’s inequality reduces to the well-known
CHSH inequality, S ≤ 2. For the case of N odd, only,
Mermin proved the Bell inequality [11]
MN ≤ 2(N−1)/2 . (10)
Combined, the two inequalities (8) and (10) give a LHV
prediction for arbitrary N , and are commonly termed the
“MABK inequalities” [11–13].
The Ardehali and Mermin Bell inequalities are also
valid for the lossy scenario, where “no detection” out-
comes are assigned the outcome “0” [2, 19]. However, we
can see immediately on comparison with the Holder Bell
inequalities (5) and (7) that, for the lossy experiment,
the MABK inequalities can no longer be tight. A similar
result is known for these inequalities even in the context
of pure states: MABK inequalities do not detect the Bell
nonlocality that has been shown to exist for nonmaxi-
mally entangled generalised GHZ states [32].
IV. QUANTUM PREDICTIONS
Now, we examine the predictions given by the maxi-
mally entangled GHZ state 1√
2
{| ↑〉⊗N − | ↓〉⊗N}, where
| ↑〉k, | ↓〉k are the eigenstates of the Pauli spin observ-
able σˆzk, and | ↑〉⊗N ≡
∏N
k=1 | ↑〉k [33]. Mermin showed
that if we choose measurement settings to correspond to
either σˆxk or σˆ
y
k for each j = 1, ..., N , then for optimally
chosen settings, the quantum prediction is MN = 2N−1,
for N odd [11]. For the Ardehali’s inequalities, the opti-
mal measurement choice involves a σˆxk or σˆ
y
k setting for
N − 1 sites, with a rotated setting for the Nth site [12].
Then, the optimal quantum prediction is ArN = 2N−1/2,
for N even. Assuming symmetric detector efficiencies
ηk = η, the optimal quantum prediction in the lossy case
will be S = η22
√
2, MN = ηN2N−1 (for odd N), and
ArN = η
N2N−1/2 (for Neven). Using the MABK Bell
inequalities directly, this gives the efficiency threshold
η > 2(1−N)/2N for all N , which reduces to a lowest value
of η → 0.71 as N → ∞, as shown by Braunstein and
Mann [19].
As pointed out in Ref. [29], the Holder Bell inequalities
(4) and (6) will give a lower efficiency threshold in the
symmetric case, for all N > 3. If we consider odd N ,
then we use the inequality (6), for which the right-side
is predicted to be 2N/2ηN/2 (corresponding to Eq. (7)).
For even N , we use the inequality (4) for which the right-
side is 2(N+1)/2ηN/2 (corresponding to Eq. (5)). The
associated threshold efficiency for violation of the Holder-
Bell inequalities is given by η > 2(−1+2/N) for all N ≥ 3
[29]. This threshold reduces to 0.79 for N = 3, and
approaches 0.5 as N →∞.
V. LHV THEORY PREDICTIONS
Having confirmed that neither the MABK nor the
Holder Bell inequalities can provide the tight LHV bound
in the presence of loss (poor detection efficiencies), our
objective is to gain insight into the actual LHV predic-
tions, and to then determine if lower efficiency thresholds
are possible for a given N .
For all LHV theories, it is true that [1]
E(X1θ1 , ..., X
N
θN ) =
∫
λ
p(λ)Eλ(X
1
θ1)...Eλ(X
N
θn)dλ (11)
where E(X1θ1 , ..., X
N
θN
) is the expectation value for the
product of outcomes Xkθk of simultaneous measurements
Xˆkθk (k = 1, ..., N) performed on the N spatially sep-
arated systems. Here, {λ} symbolises the set of local
hidden variables of the LHV theory. Thus, Eλ(Xkθk) is
the expectation value of Xkθk given the hidden variable
specification {λ}, and p(λ) is the underlying probability
distribution for {λ}.
We consider the LHV prediction for the terms S, MN ,
ArN of the CHSH, Mermin and Ardehali inequalities.
4We also introduce WN as a measure of overall efficiency.
Specifically:
WN =
1
2N
〈
N∏
k=1
{|Ak|+ |Bk|}〉 (12)
Where the outcomes of Ak and Bk are given by +1, −1
or 0, it is clear that WN = 12NR, where R is the right
side of the Holder inequalities (4) and (6). In fact, there
are 2N relevant efficiencies η, one for each measurement
setting (Ak or Bk) at each site k. Where the efficiencies
are equal for the two settings, and given at site k by ηk,
the quantum prediction for (12) is WN =
∏N
k=1 ηk. A
complication is that to measure the actual values of S,
MN , ArN and WN , it is necessary to establish all emis-
sion events, using an “event ready” or “heralding” appa-
ratus [2, 3]. This is a significant but not insurmountable
challenge [34].
It is possible to show that for any LHV model [2, 3]
〈S〉 =
∫
λ
p(λ)Sλdλ, 〈WN 〉 =
∫
λ
p(λ)WN,λdλ. (13)
Similar expressions exist for 〈MN 〉 and 〈ArN 〉. Here,
Sλ = 〈A1〉λ〈A2〉λ − 〈A1〉λ〈B2〉λ + 〈B1〉λ〈A2〉λ +
〈B1〉λ〈B2〉λ andW2,λ = 〈|A1|〉λ〈|A2|〉λ+〈|A1|〉λ〈|B2|〉λ+
〈|B1|〉λ〈|A2|〉λ + 〈|B1|〉λ〈|B2|〉λ, where 〈Ak〉λ, 〈Bk〉λ are
the expectation values for Ak, Bk, given the hidden vari-
able specification {λ}. Similar expansions can be given
for WN,λ, MN,λ and ArN,λ. We find that for any LHV
theory, constraints exist for the possible values of 〈S〉,
〈MN 〉 and 〈ArN 〉, given the value of 〈WN 〉. In other
words, for any given experimentally measured value of
WN , there will be a constraint on the LHV predictions
for 〈S〉, 〈MN 〉 and 〈ArN 〉.
We determine these constraints as follows. The out-
come Ak is constrained to be one of ±1 or 0. Thus, in
the LHV model, it must be true that −1 ≤ 〈Ak〉λ ≤
1. The LHV model will specify probabilities for the
+1 and −1 outcome for Ak, for a given hidden vari-
able specification {λ}. We denote these probabilities
by PAλ (+) and P
A
λ (−). Then we see that 〈Ak〉λ =
PAλ (+)−PAλ (−) whereas 〈|Ak|〉λ = PAλ (+)+PAλ (−). We
note PAλ (+) + P
A
λ (−) is in fact the efficiency value pre-
dicted for the measurement setting Ak, given the hidden
variable specification {λ}, and we introduce the notation
〈ηAk 〉λ ≡ 〈|Ak|〉λ = PAλ (+) + PAλ (−). Thus, for a given〈|Ak|〉λ, it follows that
− 〈ηAk 〉λ ≤ 〈Ak〉 ≤ 〈ηAk 〉λ (14)
and similarly
− 〈ηBk 〉λ ≤ 〈Bk〉 ≤ 〈ηBk 〉λ. (15)
We evaluate for each possible 〈ηAk 〉λ, 〈ηBk 〉λ, the possible
values of Sλ and Wλ, which is a simple numeric exercise.
For a givenWλ, the possible values of Sλ can be displayed
as a scattering of points on a diagram. We can then sam-
ple again over all possible distributions p(λ) to evaluate
the consistent predictions for both W2 and S, for any
possible LHV theory distribution. The same procedure
is performed, to evaluate the possible MN and AN , for a
given WN .
In fact, the full sampling is a tedious task. For our
purposes, because we have two analytical bounds on the
LHV predictions, we sample LHV predictions only to ver-
ify the bounds, and to establish the degree of tightness
of them. Our sampling involves evaluating the possible
S, ArN or MN , and WN when hidden variables assume
the extreme values of ±1, or the value 0, which in the
absence of loss would amount to assuming a determinis-
tic LHV theory [35]. This does not cover all stochastic
LHV theories, but we will see is enough to establish the
validity and degree of tightness of the analytical MABK
and Holder limits, for a given WN .
VI. TIGHTNESS OF THE INEQUALITIES
Before analysing the results, we give a geometrical in-
terpretation of the degree of tightness of the Holder and
MABK Bell inequalities. The derivation of the MABK
inequalities utilises that the local hidden variable expec-
tation values 〈Ak〉λ, 〈Bk〉λ are each constrained to the
domain [−1, 1]. The MABK Bell inequality is thus de-
fined by the polytope formed from the 2- dimensional
polytope, that is a square S centred at the origin, with
sides of length 2 [33].
The Holder inequality (1) on the other hand is derived
using that for the local hidden variables, it is always true
that 〈Ak〉2λ ≤ 〈A2k〉, 〈Bk〉2λ ≤ 〈B2k〉, and hence that
〈Ak〉2λ + 〈Bk〉2λ ≤ 〈A2k〉λ + 〈B2k〉λ. (16)
These constraints follow from the LHV assumption of a
non-negative variance for hidden variable distributions
[23, 24, 26, 29]. For the case of perfect efficiency (corre-
sponding to WN = 1), this latter inequality reduces to
〈Ak〉2λ+ 〈Bk〉2λ ≤ 2 (because the outcomes Ak, Bk are al-
ways ±1). In the Holder derivation therefore, the values
for the local hidden variables are assumed constrained on
or within a circle C centred at the origin of radius √2,
which encloses the MABK square S. Clearly, this Holder
constraint is not as tight as the MABK one, and indeed
the Holder Bell inequalities are not as tight in this perfect
efficiency limit.
Where the quantity WN reduces below 1, however, the
right-side of (16) is reduced. In fact we have seen from the
analysis given in the previous Section that for the LHV
variables, 〈A2k〉λ ≤ 〈|Ak|〉λ = 〈ηAk 〉λ. The Holder deriva-
tion assumes 〈Ak〉2λ ≤ 〈A2k〉, and hence 〈Ak〉2λ ≤ 〈ηAk 〉λ,
and, similarly, that 〈Bk〉2λ ≤ 〈ηBk 〉λ. These constraints
can be written 〈Ak〉
2
λ
〈ηAk 〉λ
+
〈Bk〉2λ
〈ηBk 〉λ
≤ 2, which is the geo-
metric constraint that the hidden variable expectation
values be on or within the ellipse E , centred at the origin
and with minor and major radii given by
√
2
√
〈ηAk 〉λ and
5√
2
√
〈ηBk 〉λ. We see that this constraint can become less
restrictive than the MABK square S, the consequence be-
ing that the Holder inequalities can become tighter than
the MABK ones, for lower efficiencies. We note the tight
LHV bound for the hidden variables is in fact given by
the rectangle, defined by (14-15), which is enclosed by the
ellipse E . As a result, we cannot prove that the Holder
inequalities are tight.
VII. RESULTS
The two Bell inequalities, the Holder and MABK, ap-
ply to all LHV theories, and hence constrain all LHV
predictions. There are valid, for any given measurement
ofWN , without any additional assumptions. The MABK
inequalities are categorised into two subsets, one for even
N , and one for odd N , and we will do the same for the
Holder inequalities. Using the definition of WN given by
(12), we can rewrite the Holder inequalities Eqs (4), (6).
The two sets of inequalities are: ArN ≤ 2(N+1)/2
√
WN ,
MN ≤ 2N/2
√
WN for the Holder case; and ArN ≤ 2N/2
and MN ≤ 2(N−1)/2 for the MABK case (for even and
odd N respectively, in each case).
The Holder and MABK upper bounds coincide when
WN = 0.5. For WN < 0.5, the Holder bound is tighter
for establishing violations of LHV theories. For allWN ≥
0.5, the MABK bound is the tighter bound. Results of
possible LHV predictions are plotted in Figures 1-4, as a
scattering of points in the graphs of S,MN or ArN versus
WN , or efficiency η. The Holder and MABK bounds
contain below them all the LHV predictions.
We consider the experiment where the correlations are
generated by a maximally entangled GHZ state, and ef-
ficiencies at each site are ηk. The quantum predictions
are WN =
∏N
k=1 ηk and S = 2
√
2W2, MN = 2N−1WN ,
ArN = 2
N−1/2WN . When N = 2, this quantum predic-
tion does not cross the Holder bound [27], as seen from
Fig. 1, and a violation of the CHSH Bell inequality re-
quires η1η2 > 1/
√
2.
More interesting behaviour is noticed for higher N . We
identify three regions.
(1) MABK region: The figures show the region de-
fined by WN > 0.5 (which corresponds to η > 0.51/N in
the symmetric case where each ηk = η) and for which the
LHV bound is that given by the MABK Bell inequalities.
In this parameter range ofWN , which we call the “MABK
region”, the Holder inequality bound is irrelevant. This
region cannot be reached unless the efficiency at each site
exceeds 50%: ie. ηk > 0.5.
For WN < 0.5, we classify two regions.
(2) LHV region: This region is defined by 0 < WN <
0.5N , which requires in the symmetric case, where all ηk
are equal, that the efficiency at each site is below 50%.
This may be thought of as a “no-violation” or “LHV re-
gion” in that case, because of the simple result, that LHV
theories cannot be violated using two-setting inequalities,
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S
Figure 1. The Local Hidden Variable (LHV) and quantum
predictions for S, for a given value of W2 which is a measure
of efficiency. The blue dashed curve is the Holder inequality
bound, which provides an upper limit to the LHV prediction
for S. The blue dotted line at S = 2 is the CHSH inequality
bound, which also provides an upper limit to the LHV pre-
diction for S. The blue squares give a scattering of actual
predictions for LHV theories. The observation of S greater
than either of the Holder or CHSH curves confirms the fail-
ure of all LHV theories. The dashed black solid line gives
the quantum prediction, for the special case of a maximally
entangled Bell state.
if ηk < 0.5 for each k. We outline an intuitive proof.
Proof : Suppose N = 2, and that measurements at
each site are made by observers Alice and Bob, respec-
tively. Suppose also that losses are 50% at each of Al-
ice’s and Bob’s channel. It is then possible that an “Eve”
has tapped into Alice’s channel using a 50:50 beam split-
ter, and has created a second channel symmetric to Al-
ice’s. Eve can make measurements on this second chan-
nel, simultaneously to Alice’s measurements. Alice can
choose to measure either A1 or B1, and Eve can choose
to measure either AE1 or BE1 . In this case, by symme-
try, we deduce that Eve’s measurements can have the
same correlation with the measurements made by Bob
as Alice’s measurements. A similar second Eve can exist
at Bob’s channel, at site k = 2. This second Eve can
make measurements AE2 , BE2 . The potential existence
of the two Eves necessarily downgrades the correlations
of Alice and Bob, measured by P (A1, A2), P (B1, A2),
P (A1, B2) and P (B1, B2), so that the probabilities can-
not give a violation of the two-setting Bell inequality.
This follows, since A1, A2, BE1 and BE2 can be measured
simultaneously, and therefore there exists a joint proba-
bility distribution for those outcomes. The set P (A1, A2),
P (BE1 , A2), P (A1, BE2 ) and P (BE1 , BE2 ) cannot therefore
violate the Bell inequality. The symmetry of the correla-
tions (P (A1, B2) = P (A1, BE2 ), etc) then allows us to de-
duce that there can be no violation of the Bell inequality
for the measurements of Alice and Bob (since there ex-
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Figure 2. The Local Hidden Variable (LHV) and quantum
predictions for M3, versus efficiency. The top Figure plots
M3, for a specified value of WN . The blue dashed curve is
the Holder inequality bound, which gives an upper limit to
the LHV predictions. The blue dotted line is the upper LHV
bound given by the MABK inequality. The blue squares are
a scattering of actual LHV predictions. The black line is
the quantum prediction, for the maximally entangled GHZ
state. The lower figure plots the predictions versus the actual
efficiency at each site, for the case of symmetric detection
efficiencies where ηk = η, ∀k.
ists an underlying probability distribution for these out-
comes). The result is readily extended to higher N .
The proof depends on the existence of a symmetric
beam splitter that creates, from one channel, 2 symmet-
ric channels, to give 50% loss on the first channel. The
proof also utilises that the Bell inequality involves just
two settings at each site, so that simultaneous measure-
ments performed on two channels at each site can com-
pletely specify a joint probability distribution for the Bell
inequality. An extension of the argument, assuming exis-
tence of a device that createsm symmetric channels from
1 channel, would lead to the conclusion that anm-setting
Bell inequality cannot be violated where ηk ≤ 1/m. Thus
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Figure 3. The LHV and quantum predictions for Ar4 versus
efficiency. The curves are as defined in Figures 1 and 2. The
top figure gives the predictions for Ar4, given a value of WN .
The lower figure gives the predictions for the special symmet-
ric case, where ηk = η, ∀k. The blue curves are the Holder
and MABK inequality bounds to the LHV predictions. The
black line is the quantum prediction for a GHZ state.
we deduce the requirement of ηk > 1/m for at least one
k, for violation of an m-setting Bell inequality♦.
The region W < 0.5N is evident in the Figures as that
corresponding to a straight-line relationship between ac-
tual LHV predictions and WN . As expected, the quan-
tum prediction is within the bound set by the LHV pre-
dictions.
(3) Holder region: The next region is the most in-
teresting to us. This region shows a different LHV curve,
closely approximated by the Holder analytic bound. We
call this the “Holder” region. On examining the Figures,
we find that, as N increases above 2, the quantum pre-
diction moves from the MABK region (WN > 0.5) to
intersect the LHV bound in the Holder region. This al-
lows an analytic expression for the threshold efficiency in
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Figure 4. The LHV and quantum predictions for Ar6 ver-
sus efficiency. The curves are as defined in Figures 1, 2 and
3. The top figure gives the predictions for Ar6 for a given
value of WN . The lower figure gives the predictions for the
special symmetric case, where ηk = η, ∀k. The blue curves
are the Holder and MABK inequality upper bounds to the
LHV predictions. The black line is the quantum prediction
for a GHZ state. The Holder region is clearly apparent and
in this region, we see that the Holder curve is a close fit to
actual LHV predictions, indicated by the blue squares. The
quantum prediction violates the LHV one, for η approaching
the limit of 0.5, in this region.
order to violate the two-setting Bell inequality:
N∏
k=1
ηk > 2
(2−N) (17)
which corresponds to η = 0.79 for N = 3 and η = 0.5 in
limit of larger N , in the symmetric case ηk = η.
Our analysis thus establishes three new results. The
main result is that the Holder expression gives a close
fit to the LHV predictions, in this Holder region. This
provides an analytical tool for understanding the LHV
bounds in the two-setting scenario with loss. Second,
we note that the quantum GHZ prediction intersects the
Holder LHV bound, for all N ≥ 3 even and odd, and
moves “down” toward the edge of the “no-violation LHV”
region as N →∞. The third new result is that violation
of the two-setting Bell inequalities can be obtained with-
out the requirement that each ηk be greater than 50%
(provided N > 3). This is evident from the efficiency
threshold (17). We see that if N −1 efficiencies are 1, we
only need an efficiency η1 > 4/2N at the remaining site
for a violation of the Bell inequality. This efficiency η1
can be vanishingly small as N →∞.
VIII. DISCUSSION
The predicted efficiency thresholds do not quite match
those shown to be possible by Cabello, Rodriguez and
Villanueva [20] for the case of odd N , but come very
close (for N = 3, 0.79 versus 0.75, for N = 5, 0.61 versus
0.58, for N = 7). The difference is that CRV imposed
an additional symmetric constraint on the LHV model,
that each individual ηk is measured and found precisely
equal (ηk = η). This condition is practically reasonable,
but is not imposed here. We have conditioned only on
the value ofWN . Our case is informative, however, in re-
vealing low efficiency thresholds in the asymmetric case,
without the assumption of symmetric sites, and provides
a rigorous way to test Bell nonlocality loophole-free, for
practical realisations involving asymmetric transmission
of entangled qubits.
The efficiency bounds deduced by Larsson and Semite-
colos [17] are even lower for a specified N , but are ob-
tained using Clauser-Horne inequalities and nonmaxi-
mally entangled states. While CH inequalities are use-
ful for loophole-free Bell tests [3, 15], they rely on rarer
joint detection events and thus is usually a less efficient
use of the resource, particularly for larger N [36]. Un-
derstanding how to test loophole-free Bell nonlocality for
the MABK situation and for maximally entangled GHZ
states is therefore an important goal.
On that note, it is interesting to conjecture the use-
fulness of the Bell nonlocality that is realised in the two
different regions, MABK and Holder. For many quantum
information tasks, it is the genuineN -partite form of non-
locality that is the most useful [37]. Genuine Bell non-
locality was considered by Svetlichny [30], and requires
that the Bell nonlocality be truly shared among all N
sites, so that, for example, the system is not describable
by the Bell nonlocality of a k-partite GHZ state, where
k < N . The best known criterion for genuine Bell nonlo-
cality is a violation of the Svetlichny inequality [30]. This
inequality reduces to ArN ≤ 2N−1 in our notation, and
requires WN > 1√2 ( η > (
1√
2
)1/N for symmetric efficien-
cies) for violation, a violation that can only be obtained
in the MABK region. We remark that any more gen-
eral criterion for genuine Bell nonlocality will require, at
least, that ηk > 0.5 for each site. This remark is based on
the result that Bell nonlocality will always imply a type
8of nonlocality called “steering” [38, 39]. From this knowl-
edge, one may utilise results of Ref. [40] to establish the
requirement of ηk > 0.5 for each site. This requirement,
however, does not necessarily imply the MABK region,
and we leave as an open question whether genuine multi-
partite Bell nonlocality can be observed loophole-free in
the Holder region.
IX. CONCLUSION
In summary, we have established that the threshold ef-
ficiency for failure of local realism using GHZ states and
the correlations of the two-setting MABK inequalities is∏N
k=1 ηk < 0.5, where ηk is the efficiency at the Nth site.
This means that the maximally entangled GHZ state can
indeed violate the predictions of LHV models, for sym-
metric efficiencies η → 0.5 as N → ∞. Furthermore,
we have shown that for two-setting inequalities, there is
no requirement (for loophole-free Bell tests) that the ef-
ficiency ηk at each site exceed 50%, provided N > 3.
The proposed experiment is very simple, and requires
a measurement of efficiency only by measurement of the
correlation WN which is readily evaluated from the spin
results. While η > 0.5 is a challenge for current exper-
iments involving photons, the approach developed here
may be extended to multi-setting Bell inequalities, for
which the fundamental efficiency constraint is lower than
0.5. The inequalities could be useful for detecting Bell
nonlocality in future heralded experiments involving ma-
terial particles, where loss is determined to be at a level
somewhere between 0.5 and 1.
ACKNOWLEDGMENTS
I acknowledge support from the ARC Discovery
Project Grants scheme and stimulating discussions with
P. Drummond, Q. He and S. Kiesewetter.
[1] J. S. Bell, Physics 1, 195 (1964).
[2] J. S. Bell, Foundations of Quantum Mechanics ed B
d’Espagnat (New York: Academic) pp 171-81 (1971).
[3] J. F. Clauser and A. Shimony, Rep. Prog. Phys. 41, 1881
(1978).
[4] S. J. Freedman and J. F. Clauser, Phys. Rev. Lett. 28,
938 (1972).
[5] A. Aspect, J. Dalibard, and G. Roger, Phys. Rev. Lett.
49, 1804 (1982).
[6] G. Weihs, et al, Phys Rev. Lett. 81, 5039 (1998).
[7] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
[8] P. Pearle, Phys. Rev. D 2, 1418 (1970).
[9] A Ekert, Phys. Rev. Lett. 67 661 (1991). V. Scarani and
N. Gisin, Phys. Rev. Lett. 87, 117901 (2001). J. Bar-
rett, L. Hardy and A. Kent, Phys. Rev. Lett. 95, 010503
(2005). A. Acin et al., Phys. Rev. Lett. 98, 230501 (2007).
[10] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Phys. Rev. Lett. 23, 880 (1969).
[11] N. D. Mermin, Phys. Rev. Lett. 65, 1838 (1990).
[12] M. Ardehali, Phys. Rev. A, 46, 5375 (1992).
[13] A. V. Belinskii and D. N. Klyshko, Physics-Uspekhi 36,
654, (1993). N. Gisin and H. Bechmann-Pasquinucci,
Phys. Lett. A 246, 1 (1998).
[14] A. Garg and N. D. Mermin Phys. Rev. D 35 3831 (1987).
[15] J. F. Clauser and M. A. Horne, Phys. Rev. D 10, 526
(1974).
[16] P. H. Eberhard, Phys. Rev. A 47 R747 (1993).
[17] J. A. Larsson and J. Semitecolos, Phys Rev. A 63, 022117
(2001).
[18] D. M. Greenberger, M. Horne, and A. Zeilinger, in Bell’s
Theorem, Quantum Theory and Conceptions of the Uni-
verse, M. Kafatos, ed., (Kluwer, Dordrecht, The Nether-
lands) (1989).
[19] S. L Braunstein and A. Mann, Phys. Rev. A 47, R2427,
(1993). G. Brassard et al, Quantum Inf. Comput. 5, 538
(2005).
[20] A. Cabello et al, Phys. Rev. Lett. 101, 120402 (2008).
[21] A. Cabello and J. A. Larsson Phys. Rev. Lett. 98 220402
(2007).
[22] N. Brunner, N. Gisin, V. Scarani, and C. Simon, Phys.
Rev. Lett. 98, 220403 (2007).
[23] E. G. Cavalcanti et al., Phys. Rev. Lett. 99, 210405
(2007).
[24] Q. Y. He et al., Phys. Rev. A 81, 062106 (2010).
[25] Q. Y. He et al., Phys. Rev. Lett. 103, 180402 (2009).
[26] E. Schukin and W. Vogel, Phys. Rev. A 78, 032104
(2008).
[27] A. Salles et al., Quant. Inf. Comput. 10, 0703-0719
(2010).
[28] K-P. Marzlin and T. A. Osborn, arXiv: 1202.2534.
[29] E. G. Cavalcanti et al, Phys. Rev. A 84, 0321158 (2011).
[30] G. Svetlichny, Phys. Rev. D 35, 3066 (1987). D. Collins
et al., Phys. Rev. Lett. 88, 170405 (2002).
[31] G. Hardy, J. E. Littlewood and G. Polya, “Inequalities”
(Cambridge University Press, London, 1934). M. Hillery,
H. T. Dung and H. Zheng, Phys. Rev. A 81, 062322
(2010).
[32] M. Zukowski et al., Phys. Rev. Lett. 88, 210402 (2002).
X-H. Wu and H-S. Zong, Phys. Rev. 68, 032102 (2003). A
W. Laskowski et al., Phys. Rev. Lett. 93, 200401 (2004).
[33] R. F. Werner and M. M. Wolf, Phys. Rev. A 64, 032112
(2001).
[34] S. Barz, G. Cronenberg, A. Zeilinger and P. Walther,
Nature Photonics, 4, 553 (2010).
[35] A. Fine, Phys. Rev. Lett. 48, 291 (1982).
[36] M. D. Reid, W. Munro and F. de Martini, Phys. Rev. A
66, 033801 (2002).
[37] M. Hillery et al., Phys. Rev. A 59, 1829 (1999).
[38] H. M. Wiseman, S. J. Jones, and A. C. Doherty, Phys.
Rev. Lett. 98, 140402 (2007). S. J. Jones et al., Phys.
Rev. A 76, 052116 (2007).
[39] E. G. Cavalcanti et al., Phys. Rev. A. 80, 032112 (2009).
[40] Q. Y. He and M. D. Reid, arXiv: 1212.2270.
